In this work, the numerical solution of a nonlinear Volterra integral equation with unknown function in both the integrand and the upper limit of integration is considered. Equations of this type mostly appear for finding the optimal policy of equipment replacement with attention to the technological progress in general and partial equilibrium. The optimal asset lifetime plays a key role in simulation of economical-technological development. As a special case, we restrict the model to a real case and construct a numerical algorithm for finding the optimal solution of replacement time based on the decomposition method. We also give some numerical experiments to illustrate a well known recent model, and make some comparisons as well.
Introduction
The purpose of this paper is to express an optimal replacement model considering the technological progress in terms of a nonlinear Volterra integral equation and to investigate its numerical solvability. To survive in competitive market environment and in order to keep and improve the productivity in the firm, managers need to periodically buy a new machine with higher technology and therefore, the optimal replacement strategy of machine under technological progress has critical impact on the increase in productivity of firms. Studies on economic growth model in 1960's by Solow et al. [1] and Johansen [2] show that the rate of technological progress has the greatest impact on promoting economic growth [3] . The first models of optimal replacement was introduced at macroeconomic level (vintage capital model) by Solow et al. [1] . A model for optimal replacement of capital equipment in a separate firm was first proposed in 1975 by J. Malcomson in microeconomic level. In later years, the optimal replacement of vintage capital models under technological progress has been discussed in literature by Grinyer [4] , Sethi and Chand [5] and the references therein. In 1982, Bethuyne [6] introduced a continuous time model for optimal replacement, provided a necessary extremum condition to his model and derived an equation for the optimal machine service life. Because of some difficulties in the model, the studies have been mostly focused on the cases of constant lifetime of capital [7, 8] . Nowadays, owing to the advances in solving nonlinear delay integral equations in the last decades, the optimal replacement model of the machine is known as an active area of research.
The model with variable lifetime was first introduced by Hritonenko and Yatsenko for both macroeconomics [9] and microeconomics [10] . In [11] , they also showed that the solution of the optimal replacement model can be obtained by using a Volterra integral equation in which the unknown function appears in both the integrand and the upper limit of the integration. Moreover, the existence and uniqueness of the optimal solution of the model have been discussed by these authors in [9] . In addition, they have restricted the model to the real case which is commonly known in the economic and management literature [4, 17] and introduced a numerical method for finding the optimal lifetime in this case [12] . Most recently, the authors have considered the possibility of repairing/replacing the machines during the lifetime period by using a mixed integer nonlinear programming approach [19] . On the other hand, the Adomian decomposition method (ADM) has been successfully applied to solve nonlinear equations in studying many interesting problems arising in applied sciences and engineering. The ADM has been proved to be an effective and reliable method for handling linear and nonlinear integral equations [15, 20, 21] . This method also has several advantages such as simplicity and high accuracy since the solution when it exits, is found in a rapidly convergent series form [15, 16] . In the nonlinear case, the method has the advantages of dealing directly with the problem avoiding any linearization, discretization or unrealistic assumptions [22] . In the present paper, we will focus on a numerical method for optimal replacement of machines in presence of technological changes in order to increase their performance. We provide an alternative approach for optimization model which is derived from the numerical decomposition method of delay integral equation. As a special case, we restrict the model to the real case (as in [12] ), in which all the growth and purchase price functions are assumed to be in the exponential form, and give the numerical solution of the model. Some comparisons are also made between our results and those obtained by previous work [12] . The organization of the paper is as follows: In Section 2, we briefly review and describe the optimal replacement model under technological changes. Section 3 is devoted to analyze a numerical algorithm and provide the numerical decomposition method for finding the solution of the model. Finally, some numerical experiments have been reported in Section 4 to illustrate a well known model, and make some comparisons as well.
The problem
In this section, we give some basic important results regarding the mathematical model of the problem which is followed directly from [12] , and review the structure of the decomposition theory to connect the numerical solution of optimal replacement model. Following [12] , let us consider a production process over a planning period [t 0 , T ], for T < ∞. Suppose that the first machine exists at the beginning of the process time t 0 . So, the replacement time can be considered as the sequence t k+1 = t k + L k+1 , where the replacement sequence {L k } can be either an infinite sequence of lifetime, for k ∈ N, or finite sequence with k = 1, . . . , N, for N ≥ 0, and infinite last lifetime L N+1 = ∞. The aim in the optimal replacement model under technological changes is to find the optimal policy ω * = {L *
. . , N} that maximizes the profit over the lifetime horizon [t 0 , ∞). In consideration of t = (t 1 , . . . ,t N ), the optimal replacement policy for the model can be obtained by solving the nonlinear Volterra integral equation which is followed from [12] :
is the unique solution of the following nonlinear Volterra integral equation:
∫ x −1 (t) t e −ru [b(t, u) − b(x(u), u)]du = e −rt p(t),(2.
1) where x −1 (t) stands for the inverse function of x(t).
Throughout the paper, let p(t) ≥ 0 be the purchase price and b(t, u) ≥ 0 be the efficiency function of the machine at the purchase time t, where u, with t < u, stands for the current time. One knows that in the machines lifetime, the efficiency function b(t, u) decreases with respect to u while its physical deterioration increases with respect to time.
In the sequel, we suppose that the functions b(t, u) and p(t) are continuously differentiable in t and continuous in u.
It should be noted that the solvability of (2.1) is considered in [12] .
In what follows, we briefly review the Adomian decomposition theory without lengthy and detailed hypothesis. The details of this method is now well known in the literature, see for example [13, 14] . The ADM admits the use of the infinite decomposition series:
where the components are determined by an appropriate recursion scheme. The analytic nonlinear operator Nu(x) is decomposed into a series of Adomian polynomials that are appropriated to the specific nonlinearity
where the Adomian polynomials A m (x) only depend on the solution components
For proofs of convergence of the method and some further details of the decomposition theory see [13, 14] .
In the next section, we restrict the model to a more real case which is commonly known in the economic and management literature [4, 6, 12, 17] and present a numerical approach for solving the model based on the decomposition method.
Numerical algorithm
As the unknown function in the equation (2.1) appears in the upper bound of the integration and the integrand simultaneously, these make the considered problem a little complicated to numerically solve. From practical point of view, let us the coefficients b(t, u) and p(t) in (2.1) are restricted to be a special form of interest, i.e. the exponential form. More precisely, assume that the model is restricted to the case in which the technological progress, the capital deterioration and purchase price of new machines are exponential functions with respect to t, i.e., for t < u, we have
where b 0 and p 0 are the initial values of the efficiency and the purchase price at time t 0 = 0, respectively. Moreover, c b stands for the influence of technological progress on the productivity, c d denotes the impact of age u − t of capital on its efficiency which in fact includes deterioration and learning by doing effects and c p is the rate of change in the price of new equipment, where these parameters satisfy the following conditions:
Substitution of equation (2.1) by (3.3), yields:
In recent years, some attempts have been done for solution of (3.5) by Hritonenko and Yatsenko in [12] . Here, we present an alternative efficient procedure for numerical solution of (3.5) which is based on the decomposition method. We claim to find a solution x(t) of (3.5) on the sub interval [t 0 ,t 1 ]. Firstly, it is necessary the equation (3.5) be transform to an equivalent integral equation using a suitable change of variable. Substituting t by x(t) in equation (2.1), and using x(x −1 (t)) = t, we obtain the following equation: 
, and so the machine lifetime is obtained from the relation L = t − x(t). In the next step, with a known amount (specific value) of x(t), the unknown function x −1 (t) can be computed from the following recurrent formula:
which has obtained from (2.1), to find
In the special case of our interest (exponential form of functions) and by substituting (3.3) in (3.8), we obtain:
We can summarize our strategy in the following algorithm:
Algorithm
Step 1. Choose the initial interval [t 0 ,t 1 ].
Step 2.
Compute the Adomian polynomials from (3.7).
Step 4. Compute x(t) = x 0 (t) + ∑ m i=0 A i which is appeared in (3.12).
Step 5. For j=1,..., until convergence begin Apply the recurrent formula (3.8) to find the solution
The initial function may be constructed using the first order Taylor expansion for exponential function e (c p −r)t in (3.6) as follows:
(3.10)
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The first three Adomian polynomials A n , can be obtained as:
Replacing the obtained values in Adomain polynomials, we find x(t) on the interval [x(t 1 ),t 1 ]. In a similar manner, the algorithm can be implemented backward iteratively for (3.8) to get a function x −1 (t) on the interval [t 0 , x(t 1 )].
Numerical experiment and some comments
To check the validity of the given algorithm on real economic data, let us consider modeling of the optimal replacement equipment lifetime for a typical US manufacturing planet which has been investigated in [12] . We restrict the model to the exponential case and work with the same conditions of [12] for comparison purpose. Following [12] , we set r = 0. [12] We start the procedure to find the solution x(t) on the finite interval [t 0 ,t 1 ]. The computational results confirm the results those obtained by [12] , which make the validity of the proposed method. Table 2 gives a comparison between two approaches. This means that the growth of efficiency is more than the growth of purchase price of new machine and therefore the machine lifetime is decreased and should be replaced by new one.
Case 3: c b < c p .
In this case, growth of efficiency is beyond the purchase price and the machine lifetime is increased. It is important to notice that, from an economical point of view, this case is not practical because there is no possibility of replacing (since x −1 (t) = ∞) and the optimal policy is bringing back older machines.
Conclusion
In this paper, the optimal replacement model in the firm with attention to the technological progress for the machine has been discussed. The problem was restricted to the exponential form which is real case in the economic literature. A numerical approach for solving the proposed model which is based on the Adomian decomposition is presented. We also give some numerical experiments to check a known recent model, and confirm the validation of the proposed method. The new approach for defining the suitable initial function for solving the integral equation could be also the purpose of the future work.
